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1. [20] Find basis sets for the following vector subspaces of 3 and hence determine their
dimensions:

@) {(x,y,2) [x=2)}

(b) {(x>y> Z) | X==-), ZZO}

V Solution

NB: Basis sets are not unique but dimension is unique!

(a) The vector subspace can be written parametrically as
{Cyrya|rzerRy (21,00 +2(0,0,1)|y,z € R}.

Hence {(2,1,0), (0,0, 1)} is a spanning set, which is also obviously linearly independent since
one vector is not a scalar multiple of the other and so is a basis set. Therefore the dimension is 2.

(b) The vector subspace can be written parametrically as

{(x,—x,0) |x ER}={x (1,-1,0) | x € R}. Hence {(1,-1,0)}is a spanning set, which is also
obviously linearly independent since it consists of one nonzero vector and so is a basis set.
Therefore the dimension is 1.

2. [20] Find basis sets for the following vector subspaces of [* and hence determine their
dimensions:

@ {(w,x,y,z) | w=x +y=0}

(b) {(w,x,y,2z) |2w—x=0,x+y=0,y-22z=0}.

V Sotution

(a) The constraint can be solved for w (say) to give w =x—y, so the subspace can be written

parametrically as

{x=yxyz2)|xyzeErR=%&(1,1,0,0) +y(-1,0,1,0) +z(0,0,0,1)|x y, z € K. Hence

{(1,1,0,0), (-1,0,1,0), (0,0,0, 1)} is a spanning set.

x(1,1,0,0) +»(-1,0,1,0) +2(0,0,0,1)=0 = x-y=0,x=0,y=0,z=0 = x=0,y =0,
z=0.

Hence the set of vectors is linearly independent and so is a basis set. Therefore the dimension is

3.

(b) The constraints can be written as (say) x =2w, y =—x =—=2w, z= % =-w, so the subspace can

be written parametrically as {(w, 2w, 2w, -w) |w € ={w (1,2,-2,-1) | w € [&}. Hence
{(1,2,-2,-1)} is a spanning set, which is also obviously linearly independent since it consists of
__one nonzero vector and so is a basis set. Therefore the dimension is 1.




3. [30] Let Uand Wbe vector subspaces of * defined by

U={(x,y,z1) |[x=8, W={(x,y,z, 1) | y=2}
Find bases for U, Wand UNW. Then use the dimension theorem
dim(U+ W) =dim(U) + dim(W) —dim( UNW) to find the dimension of the subspace U + Wand
confirm the result by constructing a basis for U + W from the bases for U, W. [You are not required
to proved any claims about basis sets. ]
YV Sotution
U={(xyzx)|xyze€R}={x(1,0,0,1) +»(0,1,0,0) +z(0,0,1,0) | x,y,z € R} so
{(1,0,0,1), (0,1,0,0), (0,0, 1,0) } is a spanning set for U. It is obviously linearly
independent so it is also a basis for Uand dim (U ) =3.

W={(x,y,pt)|x, , teRy={x(1,0,0,0) +y(0,1,1,0) +2(0,0,0,1) | x,y, t € R} so
{(1,0,0,0), (0,1,1,0), (0,0,0, 1)} is a basis for Wand dim(W) =3.

Unw={(x,y,y,x)|x,y€ER}y={x(1,0,0,1) +y (0,1,1,0) | x,y € R} so
{(1,0,0,1), (0,1, 1,0)}1is abasis for UNWand dim(U N\ W) =2.

Hence, dim(U+ W) =3 +3-2=4. (Therefore, U+ W= R*)

U + Wis spanned by the union of the bases for U and W, namely

{(1,0,0,1), (0,1,0,0), (0,0,1,0), (1,0,0,0), (0,1, 1,0), (0,0,0, 1)}, from which we
must construct a maximal linearly independent set. We can re-order this set as

{(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), (1,0,0,1), (0,1,1,0)}. The last 2 vectors
are obvious linear combinations of the first 4 vectors, which are the standard basis vectors for R*.
_ Therefore U+ W= R*and dim (U + W) =4.

4. [30] Vs the real vector space consisting of 2 x 2 matrices with real entries together with the
usual rules for addition and scalar multiplication. U'is the subset consisting of all matrices of the

a b
form l , a, b, c € g, and Wis the subset consisting of all matrices of the form

a b

c

, a, b, c € R. Prove that Uis a vector subspaces of V, hence deduce that /¥is also a vector

subspaces of V, and find a basis for each of Uand W. Find a basis for UN W and a basis for U + W,
and hence verify that these vector subspaces satisfy the dimension theorem given in Question 3.
[You are not required to proved any claims about basis sets.]

V Sotution

Proof that U is a vector subspace of V': Setting a = b = ¢ =0 € [ gives the zero matrix

00
& U, which is the zero vector in U.

00
a, b a, b,
Leta,, by, ¢;, ay, b,, ¢, € R so that , € U. Then forallk, k, € R,
¢ a4 G 4
a, bl a, b2 k1a1+k2a2 k1b1+k2b2 .
kl- —I—k2 . = € Usince
¢, a Cy a, k1 ¢ +k2 o k1 a, —|-k2 a,

(kl a, +k, az), (kl b, +k, bz), (k1 ¢, +k, Cz) € [R. Therefore, Uis a vector subspace of V.
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The general element of U can be written as a
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independent and so is a basis.
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+c L a, b c ER,

]is a spanning set for U, which is obviously linearly

1 0 01 00
Similarly, Wis a vector subspace of V" with basis , , ; the proof'is
0 -1 00 1 0
almost identical to that for U.
[« b
The vector subspace U N Wis the set of all matrices of the form witha=—a = a=0,1.
c —a
0 b 01 00
e UNWwW= b, ¢ € R, }, the obvious basis for which is , .
c 0 00 10
, . ffrto]llto]flo1][oo .
The obvious basis for U + Wis , , , (the union of the bases for
01 0 -1 00 10

Uand W).

Therefore dim(U) =3, dim(W) =3, dim(UNW) =2, dim(U + W) =4, which satisfies the

dimension theorem

dim(U+ W) =dim(U) +dim(W) —dim(UNW) since4 =3 +3-2.



